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Abstract
The aim of this paper is to dene the concept of weakly comparable multi-valued map-
pings. Also we obtain some common xed point theorems for pairs of weakly comparable
multi-valued mappings in ordered non-Archimedean fuzzy metric space.
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1 Introduction
In 1965, Zadeh [17] introduced the notion of fuzzy sets. Then some denitions of the
fuzzy metric spaces are given by some authors [6, 10, 11], since then xed point theory on
these spaces has been developing (see e.g.[3, 4, 5, 7, 8, 9]). Generally this theory on fuzzy
metric space is done for contractive or contractive type mappings. (See [10, 12, 13, 14, 15]).
In 2010, Altun [1] introduced a partial order on a non-Archimedean fuzzy metric
space under the Lukasiewicz t-norm and proved some xed point theorems for single and
multi-valued mappings. In [2], Altun and Mihet introduced the concept of fuzzy order ψ-
contractive mappings and proved two xed point theorems on ordered non-Archimedean
fuzzy metric spaces for ψ-contractive type mappings. In the same paper they have given
the concept of weakly comparable mappings and proved a common xed point theorem
for such mappings with a partial order induced by an appropriate function.
In this paper, we introduce the concept of weakly comparable multi-valued mappings
and prove some common xed point theorems using this concept with a partial order
induced by a function on non-Archimedean fuzzy metric spaces.
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2 Preliminaries
Denition 2.1. [16], A binary operation ∗ : [0,1] × [0,1] −→ [0,1] is called a continuous
t-norms if ([0,1],∗) is an abelian topological monoid with the unit 1 such that a∗b ≤ c∗d
whenever a ≤ c and b ≤ d and a,b,c,d ∈ [0,1].
Denition 2.2. [11], A triplet (X,M,∗) is said to be a fuzzy metric space if X is an
arbitrary set, ∗ is a continuous t-norm and M is a fuzzy set on X2 ×[0,∞) satisfying the
following:
(KM-1) M(x,y,0) = 0 for all x,y ∈ X,
(KM-2) M(x,y,t) = 1 for all t > 0 if and only if x = y,
(KM-3) M(x,y,t) = M(y,x,t) for all x,y ∈ X and t > 0,
(KM-4) M(x,y,•) : [0,∞) −→ [0,1] is left continuous for all x,y ∈ X,
(KM-5) M(x,y,t) ∗ M(y,z,s) ≤ M(x,z,t + s) for all x,y,z ∈ X and s,t > 0,
Note that M(x,y,t) can be thought of as the degree of nearness between x and y with
respect to t. We will refer to such spaces as FM-spaces.
If in the above denition, the triangular inequality (KM − 5) is replaced by
(NA) M(x,y,t) ∗ M(y,z,s) ≤ M(x,z,max{t,s}) for all x,y,z ∈ X and s,t > 0.
then the triplet (X,M,∗) is called a non- Archimedean fuzzy metric space. It is easy to
note that the triangular inequality (NA) implies (KM −5) that is every non-Archimedean
fuzzy metric space is itself a fuzzy metric space.
Denition 2.3. [3, 16], Let (X,M,∗) be a fuzzy metric space. A sequence {xn} in X is
called an M- Cauchy sequence, if for each ϵ ∈ (0,1) and t > 0 there exist n0 ∈ N such
that M(xn,xm,t) > 1 − ϵ for all m,n ≥ n0. A sequence {xn} in a fuzzy metric space
(X,M,∗) is said to be convergent if there exist x ∈ X such that limn!1 M(xn,x,t) = 1
for all t > 0. An FM space (X,M,∗) is called M- Complete if every M- Cauchy sequence
is convergent.
Lemma 2.1. [1], Let (X,M,∗) be a non-Archimedian fuzzy metric space with a ∗ b ≥
max{a + b − 1,0} and φ : X × [0,∞) −→ R. Dene the relation " ≼ " on X as follows:
x ≼ y ⇔ M(x,y,t) ≥ 1 + φ(x,t) − φ(y,t) for all t > 0. Then " ≼ " is an (partial) order
on X called the partial order induced by φ.
Lemma 2.2. [2], Let (X,M,∗) be a non-Archimedian fuzzy metric space with a ∗ b ≥
max{a + b − 1,0} and φ : X × [0,∞) −→ R. Dene the relation " ≼ " on X as follows:
x ≼ y ⇔ φ(x,t) − φ(y,t) ≥ ν {(1 − M(x,y,t)} for all t > 0. Then " ≼ " is an (partial)
order on X.
Denition 2.4. [5], Let A and B are two nonempty subsets of X and " ≼ " be a partial
order on X. Then it is said that A ≺1 B, if for every a ∈ A, there exists b ∈ B such that
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Denition 2.5. [5], If {xn} ⊂ X satises x1 ≤ x2 ≤ x3 ... ≤ xn ... or x1 ≥ x2 ≥ x3 ... ≥
xn ...then {xn} is called a monotone sequence.
Denition 2.6. [5], A multi-valued operator T : X −→ 2X is called order closed if, for
monotone sequences {un} and {vn} in X , un −→ u0 ,vn −→ v0 and vn ∈ Tun imply
v0 ∈ Tu0.
Altun and Mihet [2] give the concept of weakly comparable mappings on an ordered
space as follows:
Denition 2.7. [5], Let (X,≼) be an ordered space. Two mappings f,g : X −→ X are
said to be weakly comparable if fx ≼ gfx and gx ≼ fgx for all x ∈ X.
3 Main Results
We rst dene the concept of weakly comparable multi-valued mappings on an ordered
space as follows:
Denition 3.1. Let (X,≼) be an ordered space. Two mappings F,G : X −→ 2X are said
to be weakly comparable if Fx ≺1 Gy for all x ∈ X, y ∈ Fx and Gx ≺1 Fy for all x ∈ X,
y ∈ Gx.
Example 3.1. Let X = [0,∞) and ≤ be the usual ordering. Let F,G : X −→ 2X dened
by
F(x) =
{
{x} if x ∈ [0,1]
{0} if x ∈ (1,∞)
(3.1)
G(x) =
{
{
√
x} if x ∈ [0,1]
{0} if x ∈ (1,∞)
(3.2)
Then it is obevious that Fx ≺1 Gy for all x ∈ X,y ∈ Fx and Gx ≺1 Fy for all x ∈ X,
y ∈ Gx. Thus F and G are weakly comparable.
Now we prove our main theorem based on the concept of weakly comparable mappings.
Theorem 3.1. Let (X,M,∗) be an M-complete Non-Archimedean fuzzy metric space with
a ∗ b ≥ max{a + b − 1,0} and φ : X × [0,∞) −→ R a bounded from above function and
" ≼ " a partial order induced by φ. Suppose F,G : X −→ 2X are two order closed operators
and two weakly comparable mappings then F and G have a common xed point.
Proof. Since Fx is non-empty for all x ∈ X, there exists x1 ∈ Fx0 and since F and G
are weakly comparable, we have Fx0 ≺1 Gx1. And so by the denition of ≺1 there exist
x2 ∈ Gx1 such that x1 ≼ x2. Again since x2 ∈ Gx1 , by weak comparability of F and G
we have Gx1 ≺1 Fx2. And so there exist x3 ∈ Fx2 such that x2 ≼ x3 . Continuing in this
way we get a sequence {xn} which satises x2n+1 ∈ Fx2n and x2n ∈ Gx2n 1 such that
x1 ≼ x2 ≼ x3 ...xn ≼ xn+1 ... (3.3)
That is, the sequence {xn} is nondecreasing . By denition of " ≼ ", we have
φ(x0,t) ≤ φ(x1,t) ≤ φ(x2,t) ≤ ... (3.4)4 Journal of Nonlinear Analysis and Application
for all t > 0. In other words, the sequence {φ(xn,t)} is nondecreasing sequence of real
numbers for all t > 0. Since φ is bounded from above, {φ(xn,t)} is convergent and hence
Cauchy. So, for all ϵ > 0 there exist n0 ∈ N such that for all m > n > n0 and t > 0. We
have |φ(xm,t) − φ(xn,t)| = φ(xm,t) − φ(xn,t) < ϵ.
Therefore, since xn ≼ xm,
M(xn,xm,t) ≥ 1 + φ(xn,t) − φ(xm,t)
= 1 − [φ(xm,t) − φ(xn,t)]
> 1 − ϵ
This shows that the sequence {xn} is Cauchy in X and since X is M-complete, it converges
to a point z ∈ X. Since the sequences {x2n} and {x2n+1} are subsequences of {xn}
therefore x2n −→ z and x2n+1 −→ z with x2n+1 ∈ Fx2n and x2n ∈ Gx2n 1. Now since
F and G are order closed, we have z ∈ Fz and z ∈ Gz i.e. z ∈ Fz ∩ Gz. Hence z is a
common xed point of F and G.
We give an example to illustrate the above theorem:
Example 3.2. Let X = N = {1,2,3,...}, a ∗ b = ab and
M(x,y,t) =



x
y if x ≤ y
y
x if y ≤ x
(3.5)
for all t > 0.Then (X,M∗) is an M-complete non-Archimedean fuzzy metric space. Let
φ : X × [0,∞) −→ R be dened as φ(x,t) = 1 − 5
x. Dene A = {1,2,3,4,5} and
B = {6,7,...}. Now if x,y ∈ A and x ≤ y, then x ≼ y. If x ∈ A and y ∈ B then
x ≼ y. If x,y ∈ B , then x and y are not comparable. Now dene F,G : X −→ 2X as
Fx = {6,x + 1} and Gx = {6,x + 2}
It is clear that F and G are order closed and weakly comparable. And so all the conditions
of Theorem (3.1) are satised. Therefore 6 is a common xed point of F and G.
Theorem 3.2. Let (X,M,∗) be an M-complete Non-Archimedean fuzzy metric space with
a ∗ b ≥ max{a + b − 1,0} and φ : X × [0,∞) −→ R a bounded from above function and
" ≼ " a partial order induced by φ. Suppose F,G,H : X −→ 2X are three order closed
operators such that the pairs {F,G} and {H,G} are weakly comparable mappings then
F,G and H have a common xed point.
Proof. We construct a sequence {xn} in X such that
x3n ∈ Fx3n 1, x3n 1 ∈ Gx3n 2 and x3n 2 ∈ Hx3n 3 for all n = 1,2,3,...
We have x1 ∈ Hx0 and since the pair {H,G} is weakly comparable, we have Hx0 ≺1 Gx1.
And so by the denition of ≺1 there exist x2 ∈ Gx1 such that x1 ≼ x2. Again since
x2 ∈ Gx1 and the pair {F,G} is weakly comparable, we have Gx1 ≺1 Fx2. And so there
exist x3 ∈ Fx2 such that x2 ≼ x3 . Continuing in this way,we get
x1 ≼ x2 ≼ x3 ...xn ≼ xn+1 ... (3.6)
By denition of " ≼ ", we have
φ(x0,t) ≤ φ(x1,t) ≤ φ(x2,t) ≤ ... (3.7)Journal of Nonlinear Analysis and Application 5
for all t > 0. In other words, the sequence {φ(xn,t)} is nondecreasing sequence of real
numbers for all t > 0. Since φ is bounded from above, {φ(xn,t)} is convergent and hence
Cauchy. So, for all ϵ > 0 there exist n0 ∈ N such that for all m > n > n0 and t > 0. We
have |φ(xm,t) − φ(xn,t)| = φ(xm,t) − φ(xn,t) < ϵ.
Therefore, since xn ≼ xm,
M(xn,xm,t) ≥ 1 + φ(xn,t) − φ(xm,t)
= 1 − [φ(xm,t) − φ(xn,t)]
> 1 − ϵ
This shows that the sequence {xn} is Cauchy in X and since X is M-complete, it converges
to a point z ∈ X. Since the sequences {x3n}, {x3n 1} and {x3n 2} are subsequences of
{xn} therefore x3n −→ z, x3n 1 −→ z and x3n 2 −→ z with x3n ∈ Fx3n 1 , x3n 1 ∈
Gx3n 2 and x3n 2 ∈ Hx3n 3. Now since F, G and H are order closed, we have z ∈ Fz ,
z ∈ Gz and z ∈ Hz i.e. z ∈ Fz ∩ Gz ∩ Hz. Hence z is a common xed point of F,G and
H.
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